Abstract The action of the mapping class group of a surface on the collection of homotopy classes of disjointly embedded curves or arcs in the surface is discussed here as a tool for understanding Riemann's moduli space and its topological and geometric invariants. Furthermore, appropriate completions, elaborations, or quotients of the set of all such homotopy classes of curves or arcs give Thurston's boundary for Teichmüller space or a combinatorial description of moduli space in terms of fatgraphs. Related open problems and questions are discussed.
Introduction
One basic theme in this paper on open problems is that the action of the mapping class group on spaces of measured foliations, and in particular on weighted families of curves and arcs, is calculable and captures the dynamics of homeomorphisms of the surface both on the surface itself and on its Teichmüller space. Another basic theme is that the structure and singularities of suitable arc complexes are tractable and allow for an explication of the algebraic topology of Riemann's moduli space. The author was specifically given the task by the editor of presenting open problems on some of his earliest and latest works in [23] and [33] , which respectively develop these two themes and are surveyed here.
Definitions
Let F = F s g,r denote a smooth oriented surface F of genus g ≥ 0 with r ≥ 0 boundary components and s ≥ 0 punctures, where 2g−2+r+s > 0. The mapping class group M C(F ) of F is the collection of isotopy classes of all orientation-preserving homeomorphisms of F , where the isotopies and homeomorphisms necessarily setwise fix the boundary ∂F and setwise fix the collection of punctures. Let P M C(F ) < M C(F ) denote the pure mapping class group whose elements pointwise fix each puncture and each boundary component.
One aspect of Bill Thurston's seminal contributions to mathematics, [37] provides a natural spherical boundary of the Teichmüller space T (F ) of F by an appropriate space of "projectivized measured foliations of compact support" in F . Specifically [37, 9, 32] , let MF(F ) denote the space of all isotopy classes rel ∂F of Whitehead equivalence classes of measured foliations in F , and let MF 0 (F ) denote the subspace comprised by those foliations with "compact support", i.e., leaves are disjoint from a neighborhood of the punctures and boundary, and no simple closed leaf is puncture-or boundary-parallel. A basic fact (as follows from the density of simple closed curves in PF (F )) is that the action of M C(F ) or P M C(F ) onPF 0 (F ) has dense orbits, so the quotients are non-Hausdorff. (The action is actually minimal in the sense that every orbit is dense, and in fact, the action is ergodic for a natural measure class as independently shown by Veech [43] and Masur [44] .)
We shall say that a measured foliation or its projective class fills F if any essential simple closed curve has positive transverse measure and that it quasi fills F if every essential curve with vanishing transverse measure is puncture-parallel.
Define the pre-arc complex A ′ (F ) to be the subspace of PF (F ) where each leaf in the underlying foliation is required to be an arc connecting punctures or boundary components, and define the open subspace A ′ # (F ) ⊆ A ′ (F ) where the foliations are furthermore required to fill F .
In particular in the punctured case when r = 0 and s ≥ 1, the product T (F ) × ∆ s−1 of Teichmüller space with an open (s−1)-dimensional simplex ∆ s−1 is canonically isomorphic to A ′ # (F ), and in fact this descends to an isomorphism between the filling arc complex [12, 15, 36, 27] . Thus, the arc complex
(In fact, this is not the most useful combinatorial compactification when s > 1, cf. [30, 33] .)
Another special case r, s of interest here is the case of bordered surfaces when r ≥ 1 and s ≥ 0. Choose one distinguished point on each boundary component, and define the analogous complexes Arc ′ (F ) ⊆ PF (F ), where leaves are required to be asymptotic to the distinguished points on the boundary (and may not be asymptotic to punctures) with its quasi filling subspace Arc
In analogy to the punctured case, Arc(F ) is proper homotopy equivalent to the pure Riemann moduli space of F (as a bordered surface with one distinguished point in each geodesic boundary component) modulo a natural action of the positive reals [31] . Furthermore [30] , Arc-complexes occur as virtual links of simplices in the A-complexes, and the local structure of the A-complexes is governed by the global topology of Arc-complexes. In fact, the Arc-complexes are "nearly" manifolds [33] , as explained in §5.
There are other geometrically interesting subspaces and quotients of MF(F ) or PF (F ), for instance the curve complex of Harvey [14] or the complex of pants decompositions of Hatcher-Thurston [13] , which are surely discussed elsewhere in this volume.
As was noted before, the quotients PF 0 (F )/P M C(F ) ⊆ PF (F )/P M C(F ) are maximally non-Hausdorff, and yet for r > 0, PF (F )/P M C(F ) contains as an open dense subset the near manifold Arc(F ) = Arc ′ (F )/P M C(F ); in particular, for the surface F = F s 0,r with r + s ≤ 3, P M C(F s 0,r ) is the free abelian group generated by Dehn twists on the boundary, Arc(F s 0,r ) is piecewise-linearly homeomorphic to a sphere of dimension 3r + 2s − 7, and it is not difficult to understand the non-Hausdorff space PF (F )/M C(F ) as a foliated space. This leads to our first problem:
Problem 1 Understand either classically or as quantum geometric objects the nonHausdorff quotients of PL 0 (F ) or PL(F ) by M C(F ) or P M C(F ).
In current work, T (F ) has been quantized in [5] and [17] as surveyed in [6] and [35] , respectively, PL 0 (F 1 1,0 ) has been quantized in [6] , and [21] has described a related program for studying quantum number fields.
Dehn-Thurston coordinates
Fix a surface F = F s g,r . In this section, we introduce global Dehn-Thurston coordinates from [23] for MF 0 (F ) and MF(F ).
Define a pants decomposition of F to be a collection P of curves disjointly embedded in F so that each component of F − ∪P is generalized pair of pants F s 0,r with r + s = 3. One easily checks using Euler characteristics that there are 3g − 3 + 2r + s curves in a pants decomposition of F and 2g − 2 + r + s generalized pairs of pants complementary to P.
Given a measured foliation F in a generalized pair of pants P , where ∂P has components ∂ i , define the triple m i of intersection numbers given by the transverse measure of ∂ i of F , for i = 1, 2, 3. In order to refine the Dehn-Thurston Lemma and keep track of twisting around the boundary, we shall introduce in each component ∂ i of the boundary ∂F an arc w i ⊆ ∂ i called a window, for i = 1, 2, 3. We require that the support of the restriction to ∂P of F lie in the union of the windows, so-called windowed measured foliations. (Collapsing each window to a point gives a surface with a distinguished point in each boundary component, so a windowed measured foliation in P gives rise to an element of Arc(P ) in the sense of §1.) We seek the analogue of the Dehn-Thurston Lemma for windowed isotopy classes.
Dehn-Thurston Lemma
To this end, there are two conventions to be made: 1) when a leaf of F connects a boundary component to itself, i.e., when it is a loop, then it passes around a specified leg, right or left, of P as illustrated in Figure 3a -b, i.e., it contains a particular boundary component or puncture in its complementary component with one cusp;
2) when a leaf is added to the complementary component of a loop in P with two cusps, then it either follows or precedes the loop as illustrated in Figure 3c -d. Figure 2 , the conventions are: 1) around the right leg for loops; and 2) on the front of the surface. We shall call these the standard twisting conventions.
For instance in
= Figure 3a Around the right leg. Figure 3b Around the left leg. Upon making such choices of convention, we may associate a twisting number t i ∈ R to F as follows. Choose a regular neighborhood of ∂P and consider the sub-pair of pants P 1 ⊆ P complementary to this regular neighborhood. Given a weighted arc family α in P , by the Dehn-Thurston Lemma, we may perform an isotopy in P supported on a neighborhood of P 1 to arrange that α ∩ P 1 agrees with a conventional windowed arc family in P 1 (where the window in ∂P 1 arises from that in ∂P in the natural way via a framing of the normal bundle to ∂P in P ).
For such a representative of F , we finally consider its restriction to each annular neighborhood A i of ∂ i . Choose another arc a whose endpoints are not in the windows (and again such an arc is essentially uniquely determined up to isotopy rel windows from a framing of the normal bundle to ∂P in P in the natural way); orient a and each component arc of (∪α) ∩ A i from ∂P 1 to ∂P , and let t i be the signed (weighted) intersection number of a with the (weighted) arc family (∪α) ∩ A i , for i = 1, 2, 3. Again, elementary topological considerations show that each windowed isotopy class of a windowed measured foliation is uniquely determined by its invariants:
Lemma 1 Points of MF(P ) are uniquely determined by the triple (m i , t i ) ∈ R ≥0 × R, which are subject only to the constraint that ∀i = 1, 2, 3(
One difference between the Dehn-Thurston Lemma and Lemma 1 is that closed leaves are permitted in the latter (but not in the former), where the coordinates m i = 0 and t i = |t i | > 0 correspond to the class of a foliated annulus of width t i whose leaves are parallel to ∂ i . In the topology of projective measured foliations, extensive twisting to the right or left about ∂ i approaches the curve parallel to ∂ i . One imagines identifying in the natural way the ray {0} × R ≥0 with the ray {0} × R ≤0 in the half plane R ≥0 × R and thinks therefore of (m i , t i ) as lying in the following quotient homeomorph of R 2 :
We shall also require the subspace
which corresponds to the collection of all disjointly embedded weighted curves and arcs in F with endpoints in the windows.
Arguing as above with an annular neighborhood of a pants decomposition, one concludes:
Theorem 2 [23, 32] Given an isotopy class of pants decomposition P of F = F s g,r , there is a one-to-one correspondence between MF(F ) and the set of all pairs (m i , t i ) ∈ R as i ranges over the elements of P. Likewise, there is a one-to-one correspondence between MF 0 (F ) and the set of all pairs (m i , t i ) ∈ R as i ranges over the elements of P − ∂F . In particular, PF 0 (F ) ≈ S 3g−3+r+s and PF 0 (F ) ≈ S 3g−3+2r+s .
There is the following "standard problem" about which not much is known (on the torus, it devolves to greatest common divisors cf. [6] , and see [11] for genus two):
give a tractable expression in terms of Dehn-Thurston coordinates for the number of components of the corresponding weighted family of curves and arcs.
There is an algorithm which leads to a multiply weighted curve from an integral measure on a general train track akin to that on the torus gotten by serially "splitting" cf. [6] the track. See also Problem 3 below for the relevance of tropical algebra [40, 41] to Problem 2.
A related problem which also seems challenging is to describe A ′ (F ) or Arc ′ (F ) in DehnThurston coordinates on MF (F ). This class of problems might be approachable using the quantum path ordering techniques of [5, 6] or with standard fermionic statistical physics [29] .
Mapping class action on Dehn-Thurston coordinates
As already observed by Max Dehn [8] in the notation of Theorem 2, a Dehn twist on the i th pants curve in a pants decomposition of F = F s g,r acts linearly, leaving invariant all coordinates (m j , t j ), for j = i, and sending
As proved by Hatcher-Thurston [13] using Cerf theory, the two elementary moves illustrated in Figure 5 act transitively on the set of all pants decompositions of any surface F . Thus, any Dehn twist acts on coordinates by the conjugate of a linear map, where the conjugating transformation is described by compositions of "elementary transformations" on Dehn-Thurston coordinates corresponding to the elementary moves. More explicitly, it is not difficult [23] to choose a finite collection of pants decompositions of F whose union contains all the curves in the generating set [20] and calculate the several compositions of elementary moves relating them.
In any case, the calculation of the action of Dehn twist generators for M C(F ) on coordinates thus devolves to the calculation of the effect of the two elementary moves on Dehn-Thurston coordinates. This problem was suggested in [8] , formalized in [38] , and solved in [23] as follows.
Let ∨ and ∧ respectively denote the binary infimum and supremum.
Given an arc family in the pair of pants, we introduce the notation ℓ ij for the arc connecting boundary components i and j, for i, j = 1, 2, 3, where the windowed isotopy class of ℓ ii depends upon the choice of twisting conventions. Given a weighted arc family in the pair of pants, the respective weights λ ij , for {i, j, k} = {1, 2, 3}, on these component arcs are given in terms of the intersection numbers m 1 , m 2 , m 3 by the following formulas:
and the Dehn-Thurston coordinates are in turn given by m i = 2λ ii + λ ij + λ ik . 
where L = r − λ ′ 11 and sgn(x) ∈ {±1} is the sign of x ∈ R, with sgn(0) = −1.
(The formulas [24] above correct a typographical error in [32] .) 
Second Elementary Tranformation
where L = λ 11 + t 1 , K = κ 11 + t 1 , and sgn(x) ∈ {±1} is the sign of x ∈ R, with
These formulas are derived in [23] , in effect, by performing explicit isotopies of arcs in certain covers of F 0 1,1 and F 0 0,4 . Their computer implementation has been useful to some for analyzing specific mapping classes, e.g., fibered knot monodromies given by Dehn twists.
It is notable that the formulas are piecewise-integral-linear or PIL, cf. [37] . Furthermore, all of the "corners in the PIL structure actually occur", so the formulas are non-redundant in this sense; on the other hand, a given Dehn twist (i.e., the conjugate of a linear mapping ( †) by a PIL transformation given by a composition of the two elementary transformations) may not have "all possible corners occur". Insofar as continuous concave PIL functions are in one-to-one correspondence with tropical polynomials [40, 41] , we are led to the following problem:
Problem 3 Give a useful (piecewise) tropical description of the two elementary transformations. One thus immediately derives a piecewise tropical polynomial representation of the mapping class groups. What properties does it have, for instance under iteration?
There is another aspect of these formulas that is more of a "feeling" than a problem per se as follows. There is an open dense subspace of the bordered arc complex Arc(F ) of a surface with boundary which admits the natural structure of a cyclic operad [18] called the "arc operad", which is related to the string prop [3, 4, 7] . How are the two elementary transformations manifest in algebras over the arc operad or the string prop?
More generally, we may ask what are applications or further consequences of the formulas in Theorem 3?
Pseudo-Anosov maps and the length spectrum of moduli space
Thurston's original construction of pseudo-Anosov (pA) mappings [37] (cf. [9] ) was generalized in [23] (cf. [25, 39] ) to give the following recipe for their construction: Problem 4 Does the recipe in Theorem 4 give virtually all pA maps? That is, given a pA map f , is there some iterate f n , for n ≥ 1, so that f n arises from the recipe?
This question from [23, 25] is related [10] to the Ehrenpreis Conjecture: given two Riemann surfaces F 1 , F 2 and some ǫ > 0, there are holomorphic coversF i → F i , for i = 1, 2, with homeomorphic total spaces so thatF 1 ,F 2 are within distance ǫ in the Teichmüller metric.
In relation to Problem 4, let us mention that there are still other descriptions of pA maps up to iteration, for instance by Mosher [42] and in joint work of the author with Papadopoulos [45] ; these descriptions are combinatorial rather than in terms of Dehn twists. 
Arc complexes
Refining the discussion in §1, let F , for i = 1, . . . , r. Construct an arc complex Arc(F ) as before as the P M C(F )-orbits of isotopy classes of families of disjointly embedded essential and non-boundary parallel arcs connecting distinguished points on the boundary.
Given two bordered surfaces S 1 , S 2 , we consider inclusions S 1 ⊆ S 2 , where the distinguished points and punctures of S 1 map to those of S 2 , and S 1 is a complementary component to an arc family in S 2 (possibly an empty arc family if S 1 = S 2 ).
Define the type 1 surfaces to be the following: Furthermore, there is a stratification of arc complexes of bordered surfaces which is related to the failure of sphericity as follows. Say that a PL-sphere is a "type 0" manifold and a usual PL-manifold is "type 1". Thus, the link of a simplex in a decomposition of a type 1 manifold is the join of a collection of type 0 manifolds-or in other words, a sphere-of the correct complementary dimension. Inductively, a "type i + 1" PL-manifold is a space so that the link of each simplex is the join of the correct complementary dimension of PL-manifolds of type less than or equal to i.
In fact as shown in [33] , the arc complex of a bordered surface is some type of manifold.
The non-Hausdorff space PF (F )/P M C(F ) thus contains the near manifold Arc(F ) as an open dense subset, explaining one classical (i.e., non-quantum) aspect to Problem 1.
Problem 6
Calculate the topological type (PL-homeomorphism, homotopy, homology... type) of the Arc-complexes.
The first non-trivial case is the calculation of the topological type of the PL-manifolds Arc(F ) for the four type 1 surfaces F which govern the singularities, and work is already afoot on this. In light of the near manifold structure of Arc-complexes in general, one might hope to apply techniques from cobordism with singularities theory [1,34] to address Problem 6.
Problem 7 Devise a matrix model (cf. [28] ) for the calculation of the Euler characteristics of Arc-complexes. where ∂ 2 corresponds to the latter case.
The operators ∂ 1 , ∂ 2 are a pair of anti-commuting differentials, so there is a spectral sequence converging to H * (Arc) corresponding to the bi-grading . It is not quite fair to call it a problem, nor a theorem since the argument is complicated and has not been independently checked, but we believe that this spectral sequence collapses in its E 1 -term to its top horizontal row except in dimension zero. Thus, the homology of Arc is the ∂ 1 -homology of the ∂ 2 -kernels in the top row, and on the other hand, it follows from [31] that the ∂ 1 -homology of the top row itself agrees with that of uncompactified Riemann's moduli space M(F ) Problem 9 What is the image of H * (Arc(F )) inside H * (M(F ))?
As discussed in [30, 33] , the near-manifold structure of the arc complexes for bordered surfaces gives a corresponding "near-orbifold" structure to A(F ) for punctured F . This may be enough to re-visit the calculations of [19] and [16, 22] with an eye towards avoiding technical difficulties with the Deligne-Mumford compactificationM(F ).
As posed by Ed Witten to the author in the early 1990's, the real problem at the time was to find another orbifold compactification of M(F ) which comes equipped with a cellular description in terms of suitably generalized fatgraphs. Calculations such as [16, 19, 22] and more might then be performed using matrix models derived from the combinatorics of this putative compactification. We believe we have a solution in hand to this problem in current work, which gives a cell decomposition of a blow-up ofM(F ). It is again fair to call this neither an open problem nor yet a theorem. 
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